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Abstract

The computation of k-anomalies in the Green-Schwarz heterotic superstring sigma-
model and the corresponding Wess-Zumino consistency condition constitute a
powerful alternative approach for the derivation of manifestly supersymmetric
string effective actions. With respect to the beta-function approach this technique
presents the advantage that a result which is obtained with the computation of
beta-functions at n loops can be obtained through the calculation of k-anomalies
at n — 1 loops. In this paper we derive by a direct one-loop perturbative compu-
tation the k-anomaly associated to the Yang-Mills Chern-Simons threeform and,
for the first time, the one associated to the Lorentz Chern-Simons threeform. In
the calculation we shall use a convenient set of constraints for the pure N = 1,
D = 10 supergravity theory which is algebraically identical to the standard set
of constraints for the pure N =1, D = 10 super Yang-Mills theory. Contrary to
what is often stated in the literature we show that the Lorentz x-anomaly gets
contributions from the integration over both the fermionic and bosonic degrees
of freedom of the string. A careful analysis of the absolute coefficients of all these
anomalies reveals that they can be absorbed by setting dH = O‘z'(tr F? —tr R?),
where o is the string tension, the expected result. We show that this relation
ensures also the absence of gauge and Lorentz anomalies in the sigma-model ef-
fective action. Moreover, the consistency condition of the x-anomalies ensures
the closure of the SUSY algebra in the Bianchi identities. We evidenciate the
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presence of infrared divergences in the heterotic string sigma model, which are
due to the presence of the d = 2 scalar massless fields of the string, and present
a conjecture for their cancellation which is intimately related to the locality and
Wess-Zumino consistency of the k-anomalies.



1 Introduction and summary

In its original formulation, the Neveu-Schwarz-Ramond (NSR) formulation, su-
perstring theory appears manifestly Lorentz-covariant in its critical D = 10 di-
mension, while its principal drawback is the missing manifest target space-time
supersymmetry. Its alternative formulation, the Green-Schwarz (GS) formula-
tion, on the other hand exhibits manifest D = 10 space-time supersymmetry
but, despite a lot of efforts, no manifestly Lorentz-covariant quantization scheme
has been found until now. This difficulty is due to the fact that s-invariance,
the fundamental symmetry of the GS-string, cannot be fixed in a manifestly
Lorentz-covariant way.

In the low energy limit superstring theory reduces to an N =1, D = 10
Supergravity-Super-Yang-Mills (SUGRA-SYM) theory whose dynamics is de-
scribed by appropriate effective actions. In the past such effective actions have
been derived directly from the string amplitudes (see e.g. [[[]) or by impos-
ing the vanishing of the beta functions in string sigma models embedded in the
zero modes of the string (see e.g. [[I], [q]). These methods have been carried
out almost exclusively in the NSR formulation, and as such they miss manifest
space-time supersymmetry, but there is also some important work carried out in
the GS framework [B, i, .

Strings in the GS formulation on the other hand furnish an approach for the
derivation of manifestly supersymmetric effective actions which relies neither on
the knowledge of string amplitudes nor on the computation of beta-functions but
on the fundamental s-invariance of the GS-string. It goes as follows [B]. One
writes a string sigma model action embedded in the ten-dimensional SUGRA-
SYM superspace describing the massless modes of the underlying string theory.
The k-invariance of this action at the classical level implies constraints on the
background supercurvatures and torsions which via the Bianchi identities lead to
the equations of motion for the background fields; for the heterotic string, under
investigation in this paper, at zeroth order in the string coupling constant o’ these

constraints describe the pure minimal SUGRA decoupled from SYM and the flat



N =1, D =10 SYM theories. If one quantizes the sigma model, k-anomalies can
show up, whose form is strongly restricted by the Wess-Zumino (WZ) consistency
condition. It turns out [J that the non trivial solutions of the corresponding
cohomology problem are all such that the related x-anomalies can be absorbed by
suitably modifying the (classical) constraints on the supercurvatures and torsions
of the background fields. This procedure has to be carried out order by order in
o/, i.e. loop by loop in the quantum expansion of the sigma model. The solution
of the Bianchi identities with these new constraints gives the new equations of
motion and hence the string-corrected effective action for SUGRA-SYM as a
power series in o with manifest SUSY.

In this paper we want to illustrate the powerfulness and conceptual elegance
of this procedure in the heterotic string by performing in particular for the first
time the direct perturbative computation of the x-anomaly related to the Lorentz-
Chern-Simons term, but we shall also evidenciate its technical problems and
conceptual limitations among which the most striking one is the appearance of
infrared divergences.

With respect to the beta-function approach our algorithm presents a decisive
advantage: a contribution to the effective action obtained with beta-functions at
the n-th loop order is obtained with our algorithm at (n — 1) loops. May be this
is the reason why the Lorentz-Chern-Simons term has never been derived using
beta-functions (a two-loop computation!) while the k-anomaly implying this term
arises at one-loop. Another technical difficulty related with the beta-function
approach is that the absence of a manifestly Lorentz covariant quantization pro-
cedure gives rise to Lorentz non-covariant intermediate results which are not easy
to handle. The k-anomaly algorithm, on the other hand, produces directly the
modified constraints on the superspace so that the equations of motion can be
derived in a straightforward way by solving the Bianchi identities via standard
techniques, and the Lorentz non-covariance of the quantization procedure can be

easily handled, at least in the computation of the Lorentz k-anomaly.

The paper is organized as follows. In section II we present the pure Super-

gravity and Super Yang-Mills system which constitutes the background of the



heterotic Green-Schwarz string, along with the constraints on the supercurva-
tures and torsions needed to set the decoupled theory on-shell. The set of these
constraints is not unique, but is determined modulo field redefinitions. Using
this freedom we choose for the SUGRA a set of constraints in which the purely
spinorial components of the Lorentz-curvature vanish, Rag,% = 0 M8, Eg. This is
possible at the classical level where SUGRA is decoupled from SYM. This con-
straint being analogous to the constraint for the SYM curvature, F,5 = 0 [B{],
when computing the Lorentz k-anomaly we can, to a certain extent but with an
important difference, follow the procedure for the computation of the Yang-Mills
rk-anomaly.

In section III we present the action for the Green-Schwarz heterotic sigma
model embedded in the SUGRA-SYM background together with its symmetries.
The action is k-invariant only if the constraints that pose the background fields
on-shell are satisfied. The action is also invariant under gauge and Lorentz com-
bined transformations of the background fields and the string fields. These trans-
formations, as we will see, give rise to “anomalies”, but we would like to point
out that these transformations, not being actually symmetries of the theory, do
not produce true anomalies: they are a useful tool for the analysis of the related
gauge- and Lorentz-type k-anomalies which are true anomalies of the theory.

In section IV we discuss briefly the quantization and describe the normal co-
ordinate expansion of the Green-Schwarz action in the framework of the Batalin-
Vilkovisky approach.

In section V we rederive the gauge anomaly and the k-anomaly associated to
the Yang-Mills Chern-Simons form. Usually when computing an anomaly one
regularizes the classical action, computes the associated effective action and gets
the anomaly by varying the effective action. A less known alternative method
consists in regularizing the classical action and computing the variation of the
regularized classical action to get an “anomalous vertex”. The anomaly is simply
obtained by inserting the anomalous vertex in all Feynman diagrams and by
keeping only those which survive when the regulator goes to zero. We shall

use this alternative method to compute the gauge anomaly and the x-anomaly



associated to the Yang-Mills Chern-Simons form.

In section VI we apply a x-gauge fixing to the expanded action which breaks
the manifest Lorentz invariance of the theory, but leaves a residual SO(8) in-
variance there. In analogy to the computation of section V we identify the
anomalous vertex associated to Lorentz transformations and compute the cor-
responding Lorentz anomaly together with its absolute coefficient. It turns out
that only the fermionic degrees of freedom of the string contribute to the Lorentz
anomaly, and that its coefficient, with respect to the naive guess, is divided by
a factor of two. This is due to the fact that the k-symmetry implies that half
of the 16 fermionic degrees of freedom of the string are unphysical and therefore
only 8 of them circulate in the anomalous diagram. The final result can be easily
Lorentz-covariantized by employing the manifest SO(8) invariance of the result.
The gauge and Lorentz anomalies computed in sections V and VI can be elim-
inated by associating to the two-superform potential B of the N =1, D = 10
supergravity sector transformation properties such that its curvature, defined as
H =dB + %(Wgy M — wsr) where wsy )y and wsy, are the Yang-Mills and Lorentz
Chern-Simons forms, is gauge and Lorentz invariant, as one expects.

Section VII is devoted to the computation of the Lorentz k-anomaly. In
the Yang-Mills sector the r-transformation acts essentially as a field-dependent
gauge transformation and therefore the computation of the k-anomaly is closely
related to that of the gauge anomaly. The action of the k-transformation in the
gravitational sector is, however, a combination of a field-dependent local Lorentz
transformation and an “intrinsic” s-transformation and the relation between the
Lorentz k-anomaly A, and the Lorentz anomaly A; is less obvious. In fact
A gets contributions only from loops where the fermionic fields of the string
circulate, while the x-anomaly A, gets contributions also from loops with the

bosonic fields of the string circulating. These loops are necessary to saturate the



coupled cohomology problem

QL.AL = 0
OAL+ QA =0 (1)
O.A, = 0.

where €2, and (), are the BRS operators associated to the s-transformations
and Lorentz transformations respectively. Here the situation is similar to that
found in the case of the SUSY anomaly Ag in a supersymmetric chiral Yang-Mills
theory. In that case the presence of an ABBJ Yang-Mills anomaly Ag induces

the presence of a SUSY anomaly via the coupled cohomology problem:

Qg A =0
Qs Ag + QcAg =0 (2)
Qs As =0,

where Q¢ and ()g are the BRS operators associated to gauge and SUSY trans-
formations respectively. As is well known the ABBJ anomaly A gets contribu-
tions only from one-loop diagrams where chiral quarks circulate, while the SUSY
anomaly Ag gets contributions also from loops of squarks, the scalar bosonic
superpartners of the quarks. These loops with squarks are necessary to saturate
the coupled cohomology problem (J)).

We derive A, through the standard procedure by identifying the relevant part
of the effective action, by integrating over fermions and bosons and by varying
it. Besides the local terms which saturate exactly () one gets infrared diver-
gences coming from the integration over the massless bosons which are non local
and which spoil, moreover, x-invariance in the sense that they would give rise to
non-local k-anomalies. This is clearly related to the fact that there exists no k-
symmetry preserving infrared regularization procedure for the GS sigma model:
as it stands, the perturbative expansion of the GS sigma model effective action
is inconsistent due to the presence of these infrared divergences. We argue by
exhibiting an explicit simplified example that these divergences are actually due

to an intrinsic non analyticity of the effective action, as a functional of the fields,



which can therefore not be expanded perturbatively as a polynomial in the exter-
nal fields. Assuming that a non-perturbative treatment will eventually eliminate
these divergences we can invoke a) the Wess-Zumino consistency condition for
the k-anomalies and b) their locality to eliminate them completely without arbi-
trariness left. But this recipe amounts to a conjecture and not to a solution of
the infrared problem.

The x-anomalies derived in this way induce a background SUGRA-SYM the-

ory based on the Bianchi identity in superspace
o 2 2
dH:Z(trF — tr R?) (3)

precisely as predicted by the Green-Schwarz anomaly cancellation mechanism in
N =1, D = 10 SUGRA-SYM B3] and by the (non supersymmetric) effective
action derived directly by the Veneziano-like superstring amplitudes [[I].

The k-anomaly method produces automatically the constraints on the back-
ground fields with which one has to solve (J) once the WZ consistency condition
is satisfied. In section VIII we check that our x-anomalies satisfy indeed the WZ
condition and determine the corresponding superspace constraints. Differences
between these constraints and other constraints in the literature [[J] are shown
to be related to k-cocycles trivial at one loop.

Section IX contains some conclusions and outlooks on the x-anomaly compu-
tation at higher loop orders, together with a brief analysis of the open problems
in the quantization procedure and perturbative treatment of the GS string sigma

model.

2 Pure Supergravity and Super Yang-Mills

In this section we outline the background theory required by the Green-Schwarz
heterotic sigma model.
A superspace in ten dimensions is parametrized by the coordinates Z¥ (o) =

(X" (o), 9"(0)), where X™ (m = 0,1,...,9) are the bosonic degrees of freedom



and ¥ (u=1,...,16) are the fermionic degrees of freedom. The supervielbein
one-form E4 = dZMEyA(Z) describes the local flat frame (A = (a, ), where
(a=0,1,...,9; « = 1,...,16), is a flat index). For the ten-dimensional local
Lorentz group we use a Minkowski metric 7,, with signature —8. The SO(32)
Lie-valued Yang-Mills connection one-superform is A = EBAp(Z), while the
Lorentz-valued connection one-superform is Q4% = E“Qga?(Z), where Q,% =
0,*=0, 00 = i(F“b)aﬁQab. The supergravity potentials also comprehend the
two-superform B = %ECEDBDC(Z). The field strengths associated to E4, B, A

and Q4% are given by

T4 = DE* = dE* + EPQp*t (4a)
W =dB (4b)
F =dA+ AA (4c)
RuB = dQ, % + Q908 (4d)

and the corresponding Bianchi identities are

DT* = EPRp" (5a)
DW =0 (5b)
DF =0 (5¢)
DR4® =0, (5d)

where d = dZM™d,;, D is the Lorentz covariant superdifferential and D is the
gauge covariant superdifferential. The pure supergravity and Yang-Mills theories
are set on-shell by imposing a minimal set of constraints on the curvatures, which

is uniquely determined modulo field redefinitions, and we choose it to be

Tog* =2T%5,  To"=0
(dB)aa,B = Q(Fa)aﬁv (dB)aﬁfy = 07 (dB>aab =0
Fop =0 (6¢

Ra,@ab =0. (6d



Note in particular the constraint (6d): as shown in [BQ, P, it can always be im-
posed for pure supergravity. This constraint allows to maintain a close parallelism
between the gauge and gravitational sectors.

The Bianchi identities then imply [[§]

Top” =200, M) — (Dg)ap(I?) A (7a)
T = (%) T (7)
Wase = (dB)ape = Tape (7c)
Dodg = —(T9)0pDydp + Aads + %(rabC)aﬁTabc (7d)
DoTope = —6(Ta)acThe" (7e)
Fua = 2(Ta)acX” (7f)
Roape = 2(La)acThe” (7g)
Dox” = i(F“WFab + T X (7h)
D, T." = i(rab)aﬁRade + T T (71)

Here x© and T};° are the gluino and the gravitino field strengths, T,,., the vectorial
part of the torsion, is completely antisymmetric in its indices, ¢ is the dilaton
superfield and the gravitello superfield is A, = D,¢. Note the symmetry between
the gauge and Lorentz sector visible in the last four equations. The computation
of the related equations of motion can now be performed (see for example, with
constraints slightly different from ours, Ref. [[]), but for the purposes of this
work we do not need them.

It is also useful to introduce the gauge and Lorentz Chern-Simons three-

superforms
Wy = tr (AF — 1143>
3
1 0
w3, = tr (QR — 593)
satisfying

dQJg,YM = tI‘(FF)

dW3L = tI‘(RR)

8



which will play a central role in what follows. In (§), (d) the traces are in the

fundamental representations of SO(32) and SO(10) respectively.

3 The action and its symmetries

The action for the heterotic Green-Schwarz sigma model in a SUGRA-SYM back-
ground is given by [, B9

1= =3 [ & (ag"ViVia + ViEV;" Bpe = \ge D). (10)

Our notations are as follows. The string worldsheet is parametrized by the coordi-
nates o’ (7,7 = 0,1). The sigma-model fields are the zweibeins eL*(c) with e;* its
inverses, the superspace coordinates Z™ (o) which are worldsheet scalars and the
32 Majorana-Weyl heterotic world-sheet fermions ¢" (o) (r = 1,...,32) which
stay in the fundamental representation of SO(32). D;¢ = (0; — A;)¢, where
A; = V;PAp and the induced supervielbein V;# is defined as V;* = 9,2 EpA.
In the following we shall use flat light-cone indices on the worldsheet defined by
Wy = ey 'W; if W; is a worldsheet vector. The worldsheet metric is g;;(0), with
g" its inverse and g = — det g;; and £V is the antisymmetric Ricci tensor. The

metric and the Ricci tensor can be expressed in terms of the zweibeins through:

gij = % (e_ieJrj + 6+ie_j)
(11)
= = 1 (e_ieJrj — e+ie_j) .

N

The self-dual projector P = g/ 4-¢%/, /g can be expressed through the zweibeins

as PY = e_%e 7. By introducing the two-dimensional Dirac matrices 4 in a Ma-
. . 1 —1
jorana representation 7 = ( (1) 0 ), v = ( (1) 0 ) such that 4% = —7041 =

0 1
erotic fermions, the last term in ([[7]) can be written as

—1 . . . .
( and using two-component Majorana spinors 1 to describe the het-

I+
2

Iy = 5/0[20 ge_ Yy Djyp = §/d20\/§epjw7p Dj, (12)

9



where 74 = 7%+~ and ¢y = ¥T+°. For notational simplicity we use the same
symbol for one-component spinors since no confusion should arise. The second
term in ([J) will be used in the following.

The action ([[0) is invariant under d = 2 diffeomorphisms and local d = 2
Lorentz and Weyl transformations. In addition the Green-Schwarz action is also
invariant under Siegel’s local r-symmetry [BZ] which permits to eliminate half of
the 16 ¥#. The transformation parameter is a (self-dual) world-sheet vector and

space-time spinor k4 (0). The string fields transform as follows:

6. 2M = A°EM (13a)
0, = AAp = Cy (13b)
Seey’ = —de " <V+E — %@bxaw) Koye (13c¢)
5xg = 6pe_" =0 (13d)
where
A =V To)hig = (V ok )™ (14)

we use the notation W = Wo(I'*) s for a vector field W,. Correspondingly it can

be seen that the target superfields and superforms transform as

6. Vit = DiAY6,A + VIPATT, g — VB Lg# (15a)

8x By = 0,270, Byn (15b)
0, Ta. B = A0, Ty.. B (15¢)
6.A; = D,C + F, (15d)
6:Qa” = DiLy" + Ry’ (15¢)

where we defined:
Qi = 0, ZM Q1"
L =AM,
Fy=VPA*F,p
Ri" = ViPA*R,p,".

10



Under s-transformations the action varies as:
1 . .
0ud = -5 / d20<2\/§g”1/;a1/}BAVTVB“ +e9V,CV;P A (dB),pe

, 1
Ve eE = 4yaV2 (Vi = S ). a7

The vanishing of the purely gravitational contribution in () requires precisely
the constraints (Bd), (EH). With these constraints the gravitational part of (1)

becomes, in fact,
Gel e =2 [ P (VIVAViThia = VGV (Y _A),) (18)
which vanishes since from the definition ([4) of A%, one has
VA=V, V2=V, (19)

The vanishing of the Yang-Mills contribution in ([[7) requires the vanishing of the
spinor-spinor component of the Yang-Mills curvature (Bd). Indeed with the aid
of (6d) and ([() we get

Fy = =2VPA%(T)apx” (20)

and, due to (I9),
F_ = =2V (ki) (21)

Notice that k-invariance, at the classical level, does not imply any partic-
ular constraint on the spinor-spinor components of the Lorentz curvature two-
superform R,3. There are, in fact, a lot of field redefinitions which keep the
constraints in (Ba)) and (fH) invariant and give rise to different choices for Rus,°.
The constraint (Bd) is extremely convenient for the purpose of the computation
of the Lorentz k-anomaly. It allows to follow as closely as possible the derivation
of the Yang-Mills k-anomaly. With this respect we notice that the relations (fd)
and ([(g)) imply in complete analogy to the Yang-Mills case that

Riab = _QWCAQ(FC)aﬁTabﬁ (22)
and therefore, due to ([9)
R_gp = —2V2k, Ty (23)

11



which is proportional to V2, exactly as in (1)). Eq. (BJ) will be of fundamental

importance in the derivation of the Lorentz k-anomaly.

4 Quantization and normal coordinate expan-
sion

A preliminary step to quantize the sigma-model action considered in the pre-
vious section is to gauge-fix its local symmetries. Since the algebra is open
and reducible (in fact infinitely reducible) the safest way to do that is to work
in the Batalin-Vilkovisky (BV) approach [[7]. Calling ¢’ all the fields, ghosts,
antighosts, Lautrup-Nakanishi fields and secondary ghosts of the model, one in-
troduces for each ¢! an antifield ¢} with statistics opposite to ¢! and writes the

extended action Sy[¢, ¢*

Sole, 6] = I[¢] + (—1)"W A9, ¢7]. (24)

Here n([) is the grading of ¢'. I[¢] = Sy[¢, 0] is just the action in ([I0), and the
terms linear in ¢} are obtained by coupling the antifields to the BRS transforma-
tions of the fields and the higher order terms are chosen so that Sy satisfies the
master equation

050 0.5,
So, Sp) = (—1)"H 222
(S0, 50) = (-1 505

As usual, here and in the following, repeated indices I imply sums over discrete

— 0. (25)

indices and integration over worldsheet coordinates. Notice that the BRS trans-

formations of ¢ are

n(1) 950
007

The formalism is a graded canonical one with ¢, ¢* as conjugate variables and

0F 89 67 56
o 6¢7 097 09!

as graded Poisson bracket, F and G being even functionals of ¢, ¢* with zero

36" = (So,¢") = Allg, 0]. (26)

=(=1)

¢ =0

=0
(F.G) = (—1)" ( (27)

ghost number. The gauge-fixing is realized through a canonical transformation on

12



So[®, ¢*], generated by a suitably chosen “gauge fermion”, ¥[¢] of ghost number
—1. We do not report here the explicit form of the extended action Sy[¢, ¢*] for
our heterotic string sigma-model. It can be found for instance in the last paper
of Ref. [f], Eq. (3.6).

On the other hand, calculations of quantum effective actions are simplified
by using the background field technique. It consists in performing, before doing
the gauge fixing, a split of the field variables ¢! into a classical part ¢{ and their
“fluctuations” x! to be quantized. In order to maintain local Lorentz and gauge

¢

invariance we shall adopt a variant of this method known as “normal coordinate

expansion” [f, f]. In that case the splitting is

¢' = ¢y + @' (o, x) (28)

where Xf are the quantum fields. More precisely let us divide the set of fields ¢’
in four groups

o' = (¢'(0).0" (0), 2(0). k5 (o) (20)
where ZM are the string supercoordinates, ¢" the heterotic fermions, ¢’ denote
fields, ghosts etc that are inert under Lorentz and gauge transformations and k2

are ghosts and LN fields that transform as (left-handed or right-handed) Lorentz

spinors (i.e. & denotes an upper or lower index «).

Similarly
66 = (4(0), ¥3(0), 20" (0), kG (0)) (30)
and

X' = (Q(0), ¥"(0),y™(0), K5(0)) (31)

Then Eq. (P) writes
¢ =q+Q (32a)
7M = 7+ 1M (Zy, y) (32b)
P = MY (g + ) (32¢)
by = 2209 (ko + Ky) (32d)

13



where IT", A and ¥ depend on Z} and y# only, A being SO(32) Lie algebra

valued and ¥ Lorentz valued. In particular for the zweibein we write (B24) as
6:|:i = 60:|:i + hii. (33)

It is possible to implement the normal coordinate expansion in the framework of
the BV approach, as will be seen elsewhere [[3]. For our purposes it is sufficient
to sketch the procedure.

First notice that, after the splitting (R§), the action acquires an invariance
under a local shift of the background fields ¢, supplemented by a suitable trans-

formation of the quantum fields y. Then consider the action
So = Sol, &) + (—=1)" D5, € (34)

where ¢f; are the antifields for ¢ and ! are the (classical) local shift ghosts.

The next step is to perform on Sy a canonical transformation of the fields ¢,
¢o and their (conjugate) antifields ¢*, ¢f to implement the transformation (P§)
on the fields ¢!, leaving unchanged the background fields ¢). Then the gauge
fixing is performed by means of a further canonical transformation generated by a
suitable gauge fermion to obtain the final extended classical action S|y, x*; ¢o, &§]
where x7 are the antifields associated to Xf .

Path-integrating over Xf , one can define, by the standard procedure, the effec-
tive action T [X, X5 d0, @§) (as usual, the classical fields associated to the quantum
fields x! are still denoted x7).

Thanks to the shift symmetry, it is possible to perform on I' a canonical
transformation to get an action f[x, X*; ¢0, ¢*] where the terms linear in Xf are
absent. Then by taking I at x =0 =" and £ = 0 one arrives at an effective
action I'[¢g, ¢f] that satisfies the Slavnov-Taylor identity

(I, ) = 0. (35)
The field equations are
or .
5756[%’ ¢o] = 0. (36)

14



At zeroth order in o/, for ¢f = 0 and disregarding the ghost fields one has the

classical field equations

DJ%+EW+OTHQMﬁ+%MﬂQ>%:0 (37a)
Vﬂ¢04ﬁ—%wmﬁ%)=0 (37b)
1 i B
7+ (a_ — A+ 5 OG- >) Yo =0 (37c)
V2=0 (37d)
ViVia — oDyipo = 0. (37e)

We will limit ourselves to perform one-loop computations for an on-shell con-
figuration of the background fields ¢q satisfying (B7). Notice that in particular,
due to the Virasoro constraint (B7d), the vectors Fj, R;,’, appearing in the trans-

formation of the connections, become chiral

- ]
ﬁﬂ:éﬁ@ ie. F.=0

ii

i
NG
The normal coordinate expansion amounts to a suitable choice of the functions
UM (Zy,y), A(Zo,y) and X(Zy,y) in Eqs. (B2) in such a way as to restore the

Lorentz and gauge covariance of the expansion along the quantum fields of a

(38)

géjRjab = Rjab, i.e. R_ab = 0.

functional like the action I, Eq. ([[d). The geometrical meaning of 1T is that it
defines the variables y* so that y* are tangent vectors to the geodesic joining the
origin of the normal coordinate Z; to the point Z. For more details about 11

and A see Ref. [[] and [ respectively. Up to second order in y*
1
Y = yPEpM + §yByCDcEBM + o(y*) (39a)
1
A=yPAp+ §yByCDcAB +o(y*), (39D)

where D¢ is the Lorentz covariant derivative. A scalar functional which, as the

action ([[0), depends on ZM only through V;4(Z) and the flat components of

15



the connections and curvatures can now be expanded, according to the Mukhi

algorithm,

I(Z,4,q) = Z{)%An[(ZOWOﬂL‘I’,%‘FQ) (40)

where the repeated application of the operator A is defined as follows

AV = Dy + Vi%y“Tep? (41a)
AQ" = Vi%P Rpea” (41b)
AA; = V%P Fpc (41c)
ATy.B = yDeTy. B (41d)
Ayt =0 (41e)
A+ V) =0 (41f)
Ago + Q) = 0. (41g)

Here D;y4 = 9,y + yPQ;p* and T4..P" is any Lorentz and Yang-Mills tensor.

The expansion of V;4(Z) up to second order in y4 is

Vil Z) = 0, ZM By (2) = 0,2 Ey® + Diy? + 0,2 By CyP T

1 1
+ §DinyBTBCA + §aiZéV[EMDyETEDCyBTBCA

1 1
+ 58¢Zé‘/[EMcyByDDDTBCA + §yD8iZ(J]V[EMCyBRBCDA + o(y?’). (42)

The fields on the last member of this expression are all evaluated in Z;. The
action is still BRS invariant after normal coordinate expansion if we maintain for
the background fields ¢, the classical variations ([[3), ([J) and impose suitable
transformation properties on the quantum fields. These latter can be read from
the terms linear in Q*, U*, y%, in the action S[x, x*; do, ¢5]. However a conve-
nient way to get 6.y, 9,¥, d,.h," is the following. Consider the expansion of
§ZMEyA(Z), obtained in analogy with the expansion of V;4(Z) in Eq. ([2) to

obtain
SZMEnMN(2) =62 En + (6y™ + yP6 2y By Qup™) + 628 Ev©yP Tpc?
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1
-+ ((5@/0 + yD(SZéMEMEQEDC)yBTBcA —+ i(szyEMDyETEDCyBTBcA

|~

1 1
+ §5ZéwEMcyByDDDTBcA + inéZéwEMcyBRBcDA +o(y?). (43)

Once the left-hand side of this equation is known and once one specifies §Z37 this

equation can be perturbatively solved for dy#. For s-transformations we have
6 ZM EyvN(Zy) = AN Zy) (44a)
0 ZM BN (Z) = ANZ) = AN Zo) +y" DA (Zo) +o(y?)  (44D)
where A% = 0 and A® is given in Eq. ([4). Notice that dy* appears in ([£)
always in the combination dy4 +y? AQ), 5 and that all other terms are Lorentz-
covariant. Therefore we can solve this equation perturbatively to get a Lorentz-
covariant expression for this combination. With the aid of (fi4]) we obtain the

k-transformations for y* which, together with ([4d), leave the expanded action

invariant:
0xy" = —y° AT — A”yBTBV“ + 0(y2) (45a)
0.y* = —yﬁA“/QW“ — A”yBTBVO‘ + yBDBAO‘ + 0(y2). (45D)

The o(y?) terms are all Lorentz-covariant. So we see that on the y’s k-transformations
can be considered as a combination of a field-dependent Lorentz-transformation,

with parameter L,* = A7(.,°, and an “intrinsic” Lorentz-preserving x-transformation.

The BRS transformations on ¥ can be obtained in a similar way. We write

(see (BZ)):
(0=Ai(2)) 0 = (0 = AdZo)) (o + W) — (VityP Fia +

1 1
+ 3 (DiyA + VicyDTDcA) yPFp, + §ViAyByCDcFBA + 0(y3)) (Yo + ‘I@k)

For generic variations 61, dg, 0W, 6ZM, 57}, Sy? we get therefore

S—67M Ayt = {5% — SN Ayt + 80 — SZM Ay —
1
— (5Z§4EMAyBFBA + 5(5]/‘ +yFo ZM Q™ + 02 EriCyP Toe™)yP Faa
1
+ 2073 Bty y Do + 0(y3)) (o + xy)} . (47)

17



If we apply this formula to k-transformations we see that the l.h.s. vanishes

identically. On vy we impose its classical k-transformation

5I€¢0 = C%a (48>

6. ZM is known and d,y” has been determined above. Notice that again only
the Lorentz-covariant combination 6,y + yPA7Q. g4 appears. Therefore ([7)

determines the x-transformation of the quantum heterotic fermions:
1
0xW = CW + (A’ Fy + §choA"beba
1
+ 5AY Y DeFia + 0y*)) (o + ). (49)

Also in this case we see that on the quantum fields ¥ the k-transformations

act as a field-dependent gauge transformation, with transformation parameter

C = A*A,, plus an “intrinsic” gauge and Lorentz covariant s-transformation.
The BRS transformation of the quantum zweibeins k4! can be obtained by ex-

panding ([3d) and ([3d) and demanding again that ey.! transforms “classically”.

The k-transformations are given by
Sch_t=0 (50a)
Ouhy’ = —dep ! (D+Z/6 + V. Py s + %%Z/ADAxs%) Kie —
— 4 (Vi = S ) e+ o(4?). (50)

Now we have to be more specific about our gauge-fixing choice.
To fix world-sheet diffeomorphisms, Weyl and Lorentz invariance we shall
impose the condition

hyl=0 (51)

on the zweibeins quantum fields.
For what concerns s-invariance, until now no D = 10 Lorentz-preserving
quantization procedure is known. Therefore, as unpleasant as it may be, we are

obliged to resort to a non-covariant gauge-fixing [[J. Consequently we shall fix
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rk-symmetry by introducing two light-like ten-dimensional constant vectors m?,

n® satisfying

1

2 (52)
m*m, =0 =n"n,

such that the matrices 0 = m,I*, # = n,['* can be used to project SO(10)

mng =

spinors down to SO(8) spinors. We impose
Yhogy’ =0 (53)
and restrict the background-connection 2;,°(Z;) according to
Qipn® = 0 = Qym?® (54)
such that the covariant derivative preserves (b3)
YhosDiyy® = 0. (55)

As a consequence of (b4) we will get an SO(8)-invariant effective action and
can finally use this residual SO(8) invariance to covariantize our results back to
SO(10). This procedure supposes that in principle an SO(10) Lorentz-covariant
quantization scheme is available.

As for the huge series of secondary symmetries which arise due to the (infinite)
reducibility of k-symmetry, they will be fixed by imposing on the quantum fields of
the k-ghosts, antighosts, LN fields and secondary ghosts conditions like Eq. (BJ)
involving alternatively the constant vectors m® and n® [IJ]. These conditions
together with the relevant field equations imply that the whole chain of x-ghosts
do not propagate in our gauge and can be disregarded at the quantum level.

However the ghosts and antighosts of diffeomorphisms do propagate and in a
complete treatment they should be taken into account carefully. Yet in this paper
we are interested only on the xk-anomaly (at one loop) and the diffeomorphisms
ghosts are expected not to contribute with this respect.

We end this section by giving the normal-coordinate-expanded lagrangian at
second order in the quantum fields which is needed for our one-loop computa-

tions. In performing the expansion along the quantum variables we need also
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the relations ([]) stemming from the solution of the Bianchi identities with the

constraints (). We get (for hY, = 0)

1
Ly=+/g yav—a(ra)aﬁDJF?Jﬁ - §D_yaD+y“ —2D_y*Vi"y*(La)ap

1
+ Qv_av+bya cbe(ra>eayc - 1V—av—l—aydyﬁf(ra)aap(Fbc)@waCd

1 1
- _V—av—i-bydchdacb + _D—yav—‘rngbayg - V—BV—I—chbaycyg(Fg)aﬁ

2 2
1

+ T VEVEY'Y (Tac)sy T + VIV T3 (D) 5’y = 2V V()05 (Tg) 307y
1

+ 5\117)_\1/ + o(Ty) + o(Y3y?). (56)

The o(Vy) + o(¢2y?) terms will not enter our calculations so we did not write
them explicitly.

In the next section we will start doing one-loop computations.

5 A non standard derivation of the Yang-Mills
anomaly and the related x-anomaly

The normal-coordinate expanded lagrangian is also invariant under Yang-Mills
and Lorentz gauge transformations involving both the background fields and the
quantum fields. The Yang-Mills transformations are

0qcA; =D,C=0,C+CA;, — AC

1+ 73 o (57)

gV =

where we have reintroduced the two-component notation for the quantum het-
erotic fermions, and the local Lorentz transformations are
61247 = DiLa" = 0,L4" + L4“Quc” — Qia“ L
5L?JA = —?JBEBA
(58)
oLV = VL

0. Ta. B = LATe. B =T LB+
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where C is a local Lie algebra-valued parameter, C = C'T! and £ is a Lorentz-
valued parameter, £,* = L£,* =0, L£,° = i(F“b)aﬁﬁab; D; and D; are the gauge
and Lorentz induced covariant derivatives, respectively and T'4..% is any Lorentz
tensor.

As a consequence it is meaningful to speak of the anomalies of these symme-
tries. The consideration of these Yang-Mills and Lorentz anomalies is a useful tool
to discuss the k-anomalies associated to Yang-Mills and Lorentz Chern-Simons
forms, on which we are interested in this paper.

In this section we want to compute the by now well understood gauge-anomaly
of the Green-Schwarz sigma model in dimensional regularization by a non stan-
dard method [R7]. This rederivation of the gauge anomaly will clarify also some
aspect of the appearance of the xk-anomaly associated to the Yang-Mills Chern-
Simons form and guide us also in the derivation of the Lorentz anomaly and the
rk-anomaly associated to the Lorentz Chern-Simons form.

Our computational method is based on the following rather general consider-
ation. Consider an action I[x, ¢o] which depends on a set of external fields ¢y,
and on a set of quantum fields y over which we are going to perform a path inte-
gration. Let us moreover assume that the action is at the classical level invariant

under a set of transformations d¢g, oy with associated BRS charge (2
QI =0. (59)

() is a nilpotent operator if the algebra of the symmetry transformations is closed,
but when the algebra closes only on-shell (open algebra), as is the case of k-
transformations, €2 is nilpotent only on-shell. In the Batalin-Vilkovisky approach
Eq. (B9) is replaced by the master equation (PJ) for the extended action.

The Slavnov operator (S, -) is nilpotent in all cases once S satisfies the master
equation. When the action I (the extended action S) is regularized dimensionally,
going in d = 2 + e dimensions, one gets an action I, (S.) which is no longer
invariant (no longer satisfies the master equations) if the regularization breaks

the symmetry

(Se, Se) = Q. = €R. (60)
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or

QI = Q. = €R. (61)

where R, = R. . Ife—=0I. —-1(Sc—S)and Q. — 0 (Q.—0).

X*=¢5=0
It is convenient to define an action S7, introducing an anticommuting constant

parameter 17 which at the end will be set to zero, according to

ST=S.+nR. (62)
and Eq. (p0) becomes
957
S
(57,51) = 5. (63)

The effective action "7 no longer satisfies the Slavnov-Taylor identity (B3) which

is now replaced by

oLy
rmrmn = . 4
(1. 17) = <! (64)
or
oI
Q7 = e—~
L= (65)

where I'7 = [ .

0=0

Due to the analyticity of the dimensional regularization at first order in «
(av = 2w’ plays here the role of Planck’s constant) i.e. at one loop, we can make

the following expansion in n
1 1
I"=1"+a <(F1 + EFO) +1 <A1 + EA(])) (66)

where I'y, A; are finite and I'g, Ag parametrize the divergent local contributions
to the effective action. Putting this into (fF) and setting then n = 0 we get for

the regularized physical effective action
1
Or. — e <RE oA+ gA0)> , (67)

and for e — 0

O = al,. (68)

The Wess-Zumino consistency condition is then
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If Ay cannot be written as the €)-variation of a local action it constitutes an
anomaly.

Here we note that, thanks to (b§) and (6f) 1) The anomaly A is local and
finite; 2) the divergent part of the effective action is BRS invariant. What we
learned from these considerations, taking a look at (), is that the anomaly can
be computed by inserting the “anomalous vertex” R, once in all one-loop dia-
grams and keeping the 1/e-divergent contributions or, alternatively, by inserting
Q. and taking the limit for ¢ — 0. With respect to the traditional perturbative
procedure where one computes first the effective action via Feynman diagrams
and then makes a variation we reversed the order: we make first a variation of
the regularized action and then compute Feynman diagrams. One advantage of
this procedure is that one never meets non-local terms which arise typically in
the traditional procedure where the anomaly stems from diagrams with different
numbers of external legs, which have to be combined with non-local contribu-
tions, as is for example the case for non-abelian ABBJ anomalies in any even
dimension.

Let us now apply this procedure to compute the Yang-Mills anomaly com-
ing from the heterotic sector. For a proper definition of the propagator for the

quantum heterotic fermions we have to augment the action

1 1
In = [ #ov/ae, Ty ZWDZ«P (70)
by the decoupled term
1, 1
Iy =3 / PoT” 2738;,\11 (71)

which is trivially invariant under all local symmetries since we choose 1‘%\11 to be
a singlet under all transformations. The dependence on the determinant g of the
heterotic fermions terms ([0) and ([(1]) is fictitious in that g can be eliminated
by rescaling the heterotic fermion fields ¥. We use this freedom to write the
heterotic fermions action as

1 2 N = 1 + 73
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where we have introduced the left-accented zweibeins é,* = 6%, ¢_" = e_*. Later
we will use the right-accented zweibeins é,! = e, !, é_% = §_".

We have now to dimensionally extend this action; for that we shall follow the
t’Hooft-Veltman recipe as formulated by Breitenlohner and Maison [BI]]. We go
to D = 2 + ¢ dimensions keeping consistently 72 strictly in two dimensions and
splitting a D-dimensional vector index i as ¢ = (7,7) where 7 stays strictly in 2
and 7 denotes the extra e dimensions. A similar splitting is adopted for the flat

indices p = (p, p). The Dirac algebra becomes then [BI]
{7777t = 2™
{77} =0 (73)
hp , 73} =0.
We compute the gauge anomaly for the classical flat metric §% = 1" restoring
the metric §¥ at the end.

Performing now the transformations given in (57) we compute the anomalous
vertex associated to the dimensionally extended action gotten from () in a flat
metric to be

QIS = % / AP UCH D, (74)

where ZA)Z = & — 1?3 /L Due to the fact that the connection A; is an external

field which lives strictly in two dimensions we get for the anomalous vertex
1 — . an
Re=Q. =3 / 4o TCAA 6, 0. (75)

Q. contains as external fields only the ghost field C = C!T! which is attached to
a fermion line.

The Feynman rules are the usual ones
U propagator 1 s (76a)

¥
1 2-1—|—73

U-U-A gauge vertex oA T (76Db)
a

The Feynman rule associated to the anomalous vertex ([) is given by

~!

U-V-C anomalous vertex iTng J (76¢)
«
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Figure 1: Fermionic graphs contributing to the one-loop anomaly.

where J is the gauge index carried by the external ghost field and k and & are the
incoming and outgoing momenta of the fermions. The Feynman graphs at one
loop with the insertion of one anomalous vertex of the type ([6d) are indicated
in Fig. [II.

Let us compute the anomaly arising from the first diagram in that figure; it
contains one external gauge field A’ and an external ghost C'/ associated to ([[6d)
while in the loop are circulating fermions. Keeping the external momenta strictly
in two dimensions it is given by

A”() L) [ (;lﬂ)k r (/%73 %%12%’ %1 y) (77)

The integral over k is ultraviolet (logarithmically) divergent, on the other hand

k is of order € so that the result is expected to be finite. A careful calculation
gives in fact, in the limit € — 0:
Q@ :
A = o tn(TT) (g — ) (i), (78)
Upon adding the external legs, A and C”, and transforming back to configuration

space one gets for the gauge anomaly
=2 / Lo tr(CHLA). (79)
8T

If we go on to consider the diagrams with n external legs in Fig. [, we may notice

that the integration over the loop-momentum behaves for large k as

AdPER L,
Tk~ AT (80)

R

Now for n > 3 the integral over k in (B0) is surely convergent and due to the

presence of k in the numerator, as € — 0 the amplitude vanishes. So there is no
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contribution to the anomaly coming from all the diagrams in Fig. [ with three or
more external gauge fields. The unique case to be considered remains the diagram
with the insertion of two gauge fields. In this case one gets a logarithmically

19}

divergent integral in (B0) and for ¢ — 0 one can set the external momenta to

zero. For the second diagram in Fig. [l] one gets

A= (C]lfzfsj(k?’,/%). (81)

The function J (k3, l;:) is written explicitly in the appendix. It is constituted by a

trace over y-matrices containing three powers of momenta in D dimensions and
one k which lives in e dimensions. A careful analysis of this trace of y-matrices
reveals, however, that actually Ay = 0 identically (see appendix A). As a result
also this diagram vanishes and we are left with the anomaly computed in ([79) .

Restoring the left-accented metric we have

=2 / o\ [gtr(CDL AL, (82)
8T
which is not invariant under diffeomorphisms. Here we defined the Weyl and

d = 2 local Lorentz covariant derivatives for a generic zweibein e’

Dy =04 + %aj(\@eij). (83)

We can get a diff-invariant form of the anomaly by adding a local term (in
dimensional regularization the effective action is always defined modulo local

terms); we redefine the effective action according to

/ « N )
Dh =Ty = 7= / &0\ [y tr(ALA) (84)

to get the metric-independent gauge anomaly
Ag = giﬁ / oc tr(COA;). (85)

Clearly this anomaly can also be deduced directly by integrating ([J) over the
fermions and computing the A-A contribution to the effective action (Fig. ). For

a flat metric, with our (dimensional) regularization, one gets

ro_ o 2 ij _ iJ mn __ _mn . l

T /d a(n”? —e")(n ™) tr (&AJDamAn) (86)
__“ 2 1
= ~T6x /d otr (8+A_D8+A_) .
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We can restore the left-accented metric to obtain
r’——i/aﬂ str (DA D, A (87)

where, for a generic metric g;;,

1 .
—0,(/9970;) = D+d_ = D_0,. 88
7 (v9979;) = Dy 4 (88)

As it stands, (B7) suffers a diffeomorphisms anomaly which is however trivial and

DgE

can be eliminated by redefining I'}; as in (§4) to get finally:

_ a 9 N N i N B N
Lo = —1o / Lo\ [ tr <D+A_ o (DeA- D_A+)>
_ oy L Y04
T <A_ o o). (59)

It is not difficult to convince ourselves that actually the determinant ,/g scales
away in (B9) and therefore we were allowed to replace v/§ with ,/g. Varying this
action according to (B7) we get

_ Q[ e i A —
6ln = £ / ol tr(CO,A,)

_ % /d%\/gtr (DJF[C,A_]DLQDJFA_) : (90)

The first term in (PQ) is local and corresponds to the anomaly (BF) while the
second term is non-local and is clearly spurious in the sense that it gets cancelled
by a corresponding term in the variation of I's, see the second diagram in Fig.
with three external gauge fields A;. Now, also §(I"y+1"3) contains, apart from Ag,
non-local terms which are cancelled by 0I'y and so on. These cumbersome linked
cancellations which are due to the non abelian nature of the Yang-Mills gauge
fields are elegantly avoided by the non-standard method we employed above,
because in that case the diagrams with two or more external gauge fields do simply
not contribute. Actually, our non-standard derivation of the gauge anomaly
constitutes a proof of these linked cancellations.

We turn now to the derivation of the k-anomaly in the Yang-Mills sector

coming from the functional integration over the heterotic fermions of (). The
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Figure 2: Fermionic graphs contributing to the one-loop effective action.

k-transformations of the fields comparing in ([3) are given by (here we use again

the two-component notation)

1 1
50— [qu + (A% Foa + Sy DA Fi
1
+ AT Do R +oly?)) (o + )] (o1b)
Suty =0

where we recall that C' = A®A,. As we observed already, the x-transformations
act like a field-dependent gauge transformation with parameter C' plus an intrinsic
k-transformation. Notice that F._ = 0, see (B), and that only A_ is coupled to
the heterotic fermions in ([(2).

The field-dependent gauge transformation gives therefore rise to an anomalous
k-vertex which is given by ([[4) where C has to be substituted by C. The related
k-anomaly can then be computed in complete analogy to the gauge anomaly (BJ)
and one gets

Ag = —= / o[yt (CDLAL). (92)
Again this anomaly is not diff-invariant and we add to the effective action the

same cocycle as in (§4) to obtain the diff-invariant x-anomaly,

K o ij
A= / o tr(COA; + FA;)

o g
T /d2a€”Vz~AVjBA7(w3YM)vBA' (93)

The first line in (P3) stems from (BY) while the second line involves the defi-

nition of the Yang-Mills Chern-Simons form wsy s given in (§). The intrinsic
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r-transformations are expected not to contribute to the x-anomaly at one loop
since, as we will see in section VIII, (D) satisfies already the Wess-Zumino con-
sistency condition.

Taking a look at ([[7]) one realizes that Af can be eliminated [B5] by imposing
the constraints, which are imposed on W = dB in (fj) at the classical level, on

the three-superform H defined as
H=dB+ a (94)
= — W3y M-
R M

This relation then requires that B has to transform anomalously under gauge-

transformations according to
Q@
0B = ——tr(CdA) (95)
8T

because dgwsyr = d(CdA). Then, taking (P5) into account, the gauge transfor-
mation of the action ([[(]) cancels the gauge anomaly (B7), as is well known.

The Bianchi identity associated to (94) is
a
Al = < t(FF), (96)
8m

it can be consistently solved in superspace [B§], and it gives rise to the Chapline-
Manton theory [R9], i.e. constitutes the minimally coupled SUGRA-SYM theory
in ten dimensions. Eq. (Pg) coincides with the result of Ref. [J] by taking into

account that our H differs from the one used in that reference by a factor of two.

6 The Lorentz anomaly

In this section we want to derive the Lorentz anomaly of the sigma model
with the same technique we used in the previous section to derive the gauge
anomaly. A Lorentz anomaly is expected to appear due to the chiral coupling of
the anticommuting y® to the induced Lorentz connection ;,° = iQiab(F“b)aﬁ ,

i’ = ViQe,’, in the first term in (5Q), through the covariant derivative
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DyyP = 0;4° — Q;°,y7. This term is invariant under the Lorentz transforma-

tions
Spy™ = L%sy° (97a)
5LQiﬁo¢ - ai'cﬁoc + 'Cﬁ'yQiﬂya - Qzﬂ'y‘c’yoc (97b)
1

Lo, = Z(rab)ﬁaﬁab.

Since there exists up to now no SO(10) Lorentz-covariant quantization of the
theory we limit ourselves to derive the Lorentz anomaly under SO(8) transfor-

mations, i.e. such that
ma L% = n L% = 0. (98)

To get a canonical kinetic term for the worldsheet scalars y* they have to be
transformed to worldsheet Majorana-Weyl fermions [R4]. This can be achieved

by rescaling the y® by an SO(8) invariant quantity

(0% 1 o
V= i (99)
where n_ = V_%n,, and by introducing a worldsheet Majorana spinor as
a Yu
Y= u 100
( Y ) (100)

whose bottom component 1/2(1++3)Y* = ( yoa ) is decoupled from the theory.
d

Then the first term in (B@) can be rewritten as follows:

o 1 VAP 1- 73
VY V—aﬁD—kyﬁ = T\/EY ep' 7’ 5 V—aﬁDiYﬁ' (101)

To complete the action of the Majorana-Weyl fermions Y* we have to add the
decoupled kinetic term of the y3; in analogy with the discussion on the heterotic

fermions kinetic term we get

1 1 O, g 1- AV
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where now we use the right-accented zweibeins é,° = e,?, é_¢ = 6. Ip is

invariant under SO(8) local transformations, i.e. (P7H) and
1—
5Ly = T%mﬁyﬁ. (103)

Now we can proceed along the lines of the preceding section to compute the
Lorentz anomaly. We use dimensional regularization to extend Ip to Iy in
precisely the same manner as we did in the preceding section for the heterotic
fermions and compute the anomalous vertex associated to ([[09) for a flat metric
G =n". We get

V_e 1

— L+
m._ (Fa>ﬁ'}’ 2 DZ + mgy

2

1 —a a5
QLI = -5 /dDaY L 43 ( 8Z-> Y7. (104)

To compute the anomaly we enforce now the k gauge-fixing (BJ) which becomes

! _273 (Y )o = 0. (105)

To do this we insert the identity g + 7yt = 1 in (I02) and in ([04), to get

1 . 1—
I =5 / APV (a,.maﬁ T vam@ o (106)

1 . .
eR. = Q. = —3 /dDaY‘lﬁaﬁﬁW?’mgﬁiY”- (107)

We used the fact that [£,9] = 0 = [, ] and that ;,° lives strictly in two
dimensions.
Now we can use the formal analogy between ([[04), (107) and (72), (73) to
compute the anomaly. From ([[06) we deduce the Feynman rules
e

Y™ propagator — (108a)

K

1 ,1—31
Y-Y-Q vertex —* B
« 2 4

(Capt)as (108b)

while for the anomalous vertex we get from ([[07) the Feynman rule

KK sl ot (1080)

Y-Y-£ anomalous vertex - 5 1

QI

31



The anomaly can now be computed in the same way as in the preceding section,
one only has to flip the chiralities. The first diagram in Fig. [] with the insertion

of the anomalous vertex ([[08d) and one external ;,, gives

iA;gb(p)z—tr (Thgh T gt ) / e ) (1%7 e 27 /éiz)' (109)

(67

The integral in ([[09) has already been calculated in the previous section (see
(7)) while the trace of T-matrices, apart from terms which go to zero due to

(B4)), can be calculated to give

tr (T gyt Dot ) = —1605, 3. (110)

The result for e — 0 is
Q ¢ d . m
A]ab gé[aéb} (nmj + 5mj)(7,p ) (111>

Adding the external legs £.4 and ;% and restoring the right-accented zweibeins

we get for the SO(8) Lorentz anomaly
« - ,
A = & /d20 gtr (ED_Q+) . (112)

Here the traces are in the fundamental representation of the Lorentz group,
tr(L£Q;) = L% Eq. (12) gives the anomaly under SO(8) transformations.
We postulate that the anomaly under SO(10) transformations, in an eventual
covariant quantization scheme, is still given by ([13) where the constraints (p4)
and (P§) are released. Also in this case the diagrams with two or more external
(); fields and the insertion of an anomalous vertex are zero for e — 0.

Again, to render the anomaly diff-invariant we add a trivial cocycle to the

effective action as in (R4)
_r .« 2 _ /7 2
Pp=Th = {0 /d o\ /g (-9, ), (113)

so that
@ 2 0] 0.
Ap = o /d oe’ tr (L0;8Y;) . (114)

The direct computation of the Lorentz anomaly in this case requires to compute

the Q2-Q contribution to the effective action coming from the integration over the
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fermions Y in ([[0f). The computation is standard, all one has to use is again

(II0) and the result is completely analogous to (B7):

N - - 1z
. 167T/da Gir (D_Q+DgD_Q+>. (115)

By adding the trivial cocycle as in ([I3) we get an expression analogous to (§9),

@ 1 £99,Q;
F:—/d2 tr [, — %% 116
Ysn U\/gr<+D+\/§> o
which is now diff-invariant. Its Lorentz variation is
o y
(SLFF = _8_7T /d20'6]t1" (,C&ZQ]) -
—ﬁ/d%\/gtr DL, ]—D ). (117)
87T — 5 W A4 Dg —S bt

Again, the first line is the anomaly ([[T4) while the second line is non-local and
gets cancelled by the diagram with three external Q’s, see Fig. I}

For a first attempt on the derivation of Eq. ([I7) see [§]. Let us briefly
discuss the appearance of additional Lorentz anomalies. Generally speaking they
can arise from the terms in (5@) where the connection 2; appears explicitly. In
the term —%\/ﬁgij D;y®D;y, the connection is non-chirally coupled, so no Lorentz
anomaly can arise. For what concerns the mixed term —2,/gD_y*V,*(I'y)asy”,
to preserve manifest SO(8) invariance we have to impose the physical condition on
the external field V;”, 44 ;V;” = 0. Then upon inserting the identity i+ = 1,
this term becomes —4\/§8_y“nav+57fzﬁayo‘ such that the connection drops due
to (b4). The seventh term in (Bf]) contains €2; explicitly but does not contribute
to the Lorentz anomaly as we will see in the next section.

The terms which are quadratic in the y* in (B@) give rise to “trivial” anoma-
lies and do therefore not constitute “anomalies”. We evidenciate this fact for
the nineth term. To preserve SO(8) invariance we have to impose on Ty, the
condition

naT% = 0 = m, T, (118)

Then this term can be taken into account simply by defining

1
Qiab = Qiab - §€_iV+ngab, (119)
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that is: ~
Qua’ = Q0" = V9T,

o (120)
This would produce instead of ([12) the anomaly
AL = —%/d%— gtr (£D_Q)
— A, - giﬂ / Lo /GO LoV, Tt
= A, +6, (—% /d% gQ_abecha) (121)

and therefore A; and Aj, represent the same cohomology class.
The Lorentz anomaly can be cancelled if we subject the two-superform B to
the anomalous Lorentz transformation

5.B = 83 tr(£dQ) (122)

T
which, together with (PJ), defines the gauge and Lorentz invariant curvature

o

H=dB
+87T

(w3ynm — wsr) (123)

with the associated Bianchi identity in superspace

(67

dH =
8

(tr P2 — tr R?). (124)

Notice that both traces in ([24) are in the fundamental representations of SO(32)
and SO(10) respectively and, according to the Green-Schwarz anomaly cancella-
tion mechanism, this is then also precisely the relation which assures the absence
of gauge and Lorentz anomalies in N = 1, D = 10 Supergravity-Super-Yang-Mills
theory.

In the next section we will show that ([23), ([24) are actually sufficient and

necessary to cancel also the Lorentz k-anomaly in our sigma model.
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7 The Lorentz-type r-anomaly

At this point an important difference between the gauge sector and the grav-
itational sector shows up. The gauge-type k-anomaly could be calculated by
simply varying (B7) while the Lorentz-type x-anomaly can not be computed by
varying simply ([[1§). This can easily be seen by observing that in ([15) with re-
spect to (B7) the chiralities are flipped. For the x-transformations of the induced

connections we have
6Hme = DiLab + Riab

where in both cases, see (BJ), F. = 0 and R_,* = 0, while F; and R,,” are
different from zero. Therefore the variation of I'r gives, unlike as in the Yang-
Mills case, apart from a local contribution, non-local contributions proportional
to R, ; moreover ' depends non-locally on e, 7 and the k-variation of e,? induces
additional non-local terms. It can also be seen that the local terms in §,.I'r do
not satisfy the Wess-Zumino consistency condition, see the next section.

The key observation for the resolution of this puzzle is that, as can be seen
from ([]), s-transformations mix the fermions y® with the bosons y®. The
Lorentz-type k-anomaly stems from the explicit coupling of the induced Lorentz-
connection €); to the quantum fields (y®, y*). While the y* do not contribute to
the Lorentz-anomaly, as we mentioned already, they are expected to contribute
to the Lorentz-type x-anomaly because of their explicit coupling to the €2; in the
term —%,/99" D;y*D;y,. Their contribution is actually essential to saturate the
coupled cohomology problem ([[). The analogy with the supersymmetric part-
ner of an ABBJ anomaly in a d = 2 Super-Yang-Mills theory has already been
discussed in the introduction.

Since massless scalars in two dimensions, as are the y*, are always plagued
by infrared divergences we introduce an infrared mass regulator m and take the

relevant boson action to be
1 .
Ip = 3 /dza\/g (g”D,-yaDjya — mzyaya) ) (125)
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Figure 3: Bosonic graphs contributing to the one-loop effective action.

Remember that D;y® = 0;y® + y°Q4%. The Feynman rules for ¢ = n¥ are

X6

y® propagator i Ep—l (126a)
1
Q-y-y vertex  —(k + k')id[, 0 (126D)
a
21 .
Q-Q-y-y vertex — — 0" Man faNge- (126¢)
a

The last vertex has to be saturated with the external legs ;%°€);°¢ while f and
g indicate the internal boson lines.

We compute the contribution of ([23) to the effective action which is quadratic
in the ;. We have a self-energy type diagram and a tadpole diagram (the first
two pictures in Fig. ). Since each of the two diagrams is individually ultraviolet
divergent we introduce also here a dimensional regularization with D = 2+ ¢ and
a scale p to compute them. Adding up the two diagrams we get in momentum

space for generic m and €
1 . ¢ PiD;
ariab;j “(p) = 01,5 (772']' - p—2J> B(p?) (127)
where
B?) = DL (Y - 2 ” 1 128
(p)—W Z /0 x — —x)ﬁ i (128)

The result ([27) is transverse as is required by the target-space Lorentz invariance

of (I2Z3). If we take m fixed and send € — 0 the function B admits a finite limit
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meaning that the ultraviolet divergences which are present in both diagrams

(Fig. B) cancel each other. Explicitly we get

1/t p?
5:0__E/0 dxIn <1—x(1—x)w>

1 /! m? 1 p?
= _E/o dxIn <_p_2 +z(1 — x)) ~ i In <_ﬁ> . (129)

However, this result does not admit a finite limit for m — 0 which signals the

B

presence of an infrared divergence as anticipated above. For m — 0 the divergence

can be directly read off from ([29)

<5 () =

Alternatively in ([2§) we can first send m — 0 and then regularize the infrared

lim B

m—0

divergence with the dimensional regularization which is already present

9\ €/2 .
B| ! ( P ) F(—E/Q)/O dr(z(1 — z))/2.

m=0  4r dmp?

Sending now € — 0 the infrared divergence shows up as a simple pole in €

. 1 p? 2
lli%B o 1m (2 —In <_47TM2> - 7) (131)

where 7 is Euler’s constant.

To our knowledge infrared divergences of this type have not yet been discussed
in string theory and at present we have no proof for their cancellation. Below we
will argue that these divergences are actually only perturbative effects. Compar-
ing ([30) with ([3])) we can separate out the infrared divergence and determine

the finite part of B to be
1

In writing ([33) we omitted the term In(—p?) and the other (finite and divergent)

By (132)

parts which we interpret as infrared effects, for the discussion see below. A similar
criterium for the separation of infrared divergences has been adopted in [[4] to

prove the absence of a level shift in the WZWN model at two loops. In our
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case ([39) is actually the unique choice which leads to a Wess-Zumino consistent

anomaly as we will see in the next section. With ([33) we get for ([[27)

c o c DiDj
Liabyj 1= %5@5171 (ﬁij - p—2]> :

Upon adding the external legs we obtain for the boson contribution to the effective

_ Y [ NETACAYS
FB—47r/d otr (QZ <7} 5 Q;

and by restoring the worldsheet metric we get

action

Ty = 1% /d2a\/§tr [(D_m ~D.Q) Di (D_Q, — D+Q_)] L (133)

g

The total effective action can now be computed from ([IG) and ([33) to be
I'=T'r+TIp

«Q 1
- /dza\@tr <D+Q_D—(D+Q_ - D_Q+)>

g

1 gmaiﬂj> (134)

= %/dza\/gtr <Q_K NG
which is now, apart from a sign difference due to the opposite chirality of the
heterotic fermions and the y“, formally identical to the effective action gotten
from the integration over the heterotic fermions, see (B9). In particular ([34)
does not depend on e ?, but only on the s-invariant fields e_? and V9. Therefore,
when computing the s-variation of ([[34) it is not necessary to vary the world-
sheet metric, but we can limit ourselves to vary the induced connection €2;. To

understand better the non-local contributions of this variation we vary I'r and

I'p separately

a ..
0slF = —o— /d%gw tr (LO;QY; — RiQ;)

_ %/d%\@ ltr (D_ [L,Q,] DLD_QJr) + tr <D—R+DLD—Q+>(]1353)

g g

« ii
6HFB = _8_7'(' /d20' 2e" tr (RZQ])

+ % / &o\/g [tr ((D_ (L,9,] — Dy [L,Q]) Di (D_Q, — D+Q_)>

g
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9
Now let us discuss the non-local terms in ([354)) and ([35H); first we notice
that the non-local terms proportional to R, cancel between ([35a]) and ([35H).
The term proportional to [L, Q] in ([354) is cancelled by the x-variation of the
0Q-0-Q contribution to the effective action gotten from the integration over the
fermionic y® since this term is due to the (field-dependent) Lorentz transformation
contained in the k-transformation, and as we saw in the preceding section (see
formula ([T7)), the Q-Q-Q contribution does not affect the Lorentz anomaly.
This is completely analogous to the case of the heterotic fermions. The non-
local contributions in ([[35H) which are proportional to [L, Q4] are cancelled by
the (Lorentz part of) the variation of the Q-Q-Q contribution to the effective
action gotten by the integration over the bosonic y®, simply because the y* do
not contribute to the Lorentz anomaly. Adding up the remaining contributions,

which are all local, we get for the k-anomaly
.Az = —SE /d20'8ij tr (LaZQ] + RZQj)
T
! y
- / PocIVAVEAY (wsr) 54 (136)

where we used the super Lorentz-Chern-Simons form defined in (§).

Clearly the result can also be obtained by varying directly ([34]) and keeping
only the local terms. The anomaly in ([[36) can be eliminated in the same way as
the Yang-Mills type x-anomaly in section V. The anomaly ([136]) can be cancelled
if we modify once more Eq. (B4) defining a new three-form field strength H
according to

o
oy (waynr — war) (137)

and impose on H defined in ([37) the constraints

H =dB +

Haﬁ’y = Haba =0
(138)
Houop = 2(10)ap-

Notice that ([[37) coincides with the definition ([23), i.e. precisely the relation

which ensures also the cancellation of gauge and Lorentz anomalies.
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We will comment on possible additional “true” one-loop k-anomalies in the
next section. Here we would like to point out that at one-loop the effective
action can produce trivial k-anomalies which have to be eliminated by performing
suitable local subtractions on the classical action ([[(]). We will illustrate this fact
in the following example.

In fact, additional contributions to the one-loop effective actions can be com-
puted by observing that the seventh and nineth term in (B6) correspond formally
to a shift of the connection €, in the sense that they can be absorbed in the
second and first term respectively by defining formally a new Lorentz connection
as

~ 1

Qia® = W — §e_iV+ngab. (139)
Therefore the seventh and nineth term in (F) can be taken into account by
replacing in the fermionic contribution ([[15) and in the bosonic contribution
(L33) €2; with Q, to get respectively IN“’F and T'p. Summing up we obtain

~ - a
AN g R /d%\/g

p 1.
o (a” = 2V9T,0") Q" + 55’_6_Z~V+9TgabV+hThb“ ,

(140)

and the last three terms in this formula are not k-invariant, but local. Therefore

the seventh and nineth term give rise to a trivial k-anomaly which has to be

eliminated by redefining the classical action according to
‘ 1.
I —1— 1(% / 20§ | (0’ = 2V, ) oy + 50 VO Vil Ty
(141)

Notice that the first two cocycles in ([4]]) are precisely those which had to be

subtracted in the previous section to get a diff-invariant Lorentz anomaly, see
(I13) and ([21)); the last cocycle in ([41]) is Lorentz invariant and is needed to

cancel a diff-anomaly from the effective action.

Let us now briefly comment on the infrared divergence encountered above.
The divergence is due to the presence of scalar massless bosons, the y* which
in two dimensions are known to be plagued by infrared divergences. We argue
that in the case at hand these divergences are actually perturbative effects by

reasoning as follows. In our case, in fact, the fields y* are “essentially” massive,
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in the sense that there are terms in the action (B) which are quadratic in the y*

1 a

5 [ oy M) (142)
where My, is a function of the external fields. Let us assume that there exists a
configuration of the external fields such that M?2,(0) becomes a constant matrix,

i.e. independent of o, and let us also assume, for the sake of simplicity, that this

matrix is proportional to the identity
My(0) = M?64,. (143)

Then, for this configuration, ([43) produces a mass term for the scalars, with

mass M. Then no infrared regularization is required and formula ([2§) becomes

1 [t M? 1 p?

11 1 P
_%_E/o dmln(x(l_x)—M2>. (144)

The integral in ([44) is now convergent, but it is non-analytic in the “external

fields” M. The perturbative approach we adapted to compute the Lorentz-
type k-anomaly was based on a power series expansion in terms of polynomials
in the external fields, but clearly ([144) cannot be expanded, around M = 0, in
polynomials of M. If one can generalize this argument for a generic configuration
of the external fields and we guess that this is possible, then one can conclude that
an additive part of the effective action is non-analytic in the external fields and
the infrared divergences we encountered are just signals of this non-analyticity.
The k-invariance of the non-analytic contribution to the effective action seems
rather difficult to control, we guess that it is actually invariant due to the fact
that anomalies should always be local, and hence analytic.

As a last remark of this section we would like to stress that extracting as
“analytic” part from ([44) the constant 1/27 turns out to be actually the correct
choice because the anomaly computed with this constant, and only with this
constant, turns out a) to be local and b) to satisfy the Wess-Zumino consistency

condition. In fact, for a different constant the non local-terms proportional to
R would not cancel between ([353)) and ([[351).
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A cohomogical analysis of the computed x-anomalies and a brief discussion

of the resulting SUGRA-SYM theory follows in the next section.

8 Waess-Zumino consistency condition and SUGRA-
SYM theory

As anticipated in the introduction the computation of one-loop x-anomalies per-
mits, imposing their cancellation, to derive the order-a corrections to the classi-
cal constraints on the superfields of the background theory. As has been shown
in [] the Wess-Zumino consistency condition which has to be satisfied by the
r-anomalies ensures the solvability of the Bianchi identities with these new con-
straints.

In this section we want to describe the main features of this method to derive
in particular the consistent order-a corrections to the pure N = 1, D = 10
SUGRA-SYM theory and apply it to the anomalies we have computed.

The total anomaly computed in the previous sections can be written as

o

T

/dzaéijViAVjBA”G»yBA (145)

where G54 are the components of the three-superform

1
G = 5EAEBECGCB A= Wynm — WaL (146)

satisfying
dG = tr F? — tr R*. (147)

By taking for the BRS transformations of the ghosts k., (the ghosts k., commute

between themselves, kinkig = Kighita)

5&"{-‘,-04 = K—i—ﬁ/{—i-'y (Vﬁegaa’y + 65(]/)\)7 - V?ﬂy)\a + 455‘/—7 - (Fg)ﬁ'y(rg)aev_a) )
(148)
we can construct an on-shell nihilpotent BRS operator ,, satisfying Q2 = 0

(on shell). Then the anomaly is characterized as a (non-trivial) cocycle of €,
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satisfying the BRS consistency condition
Q2.A, =0. (149)

By rewriting ([49) as
A= > / RSV A VAL WATET TS

we can compute ([[49), which turns out to be, modulo terms proportional to the

equations of motion,

O.A, = _Sg/d2agijaiZM8jZN5HZL5HZP8[PGLNM)
7
a

T 32 /dQU»s“V;AV}BAaM(dG)ﬁaBA = 0. (150)
m

Due to the constraints (6d), (bd) with ([47) the condition ([50) reduces to

VoV AN (e P2~ B?) =0

afed o

which, under the constraints (), ([]), becomes
AW o [tr(X7X") = t2(T7T)] V 15507 = 0 (151)

where we wrote tr(T7T°) = T,,"T°. On-shell ([51)) is identically satisfied due
to Eq. ([9) and (B7d) so that under the constraints (), ([]) our anomaly satisfies
the consistency condition identically.

In [ it has been shown that for a generic G satisfying ([[50]) the Bianchi
identities can be consistently solved with the constraints ([38) and the definition
H = dB + ¢G. Then the Bianchi identities ([[24) can be consistently solved
with the constraints ([3§) while the constraints (Bd), (Bd) remain unchanged.
The check of the consistency of the Bianchi identities is straightforward, here we
report the order-a corrected relations between the various superfields. Notice
that it is not consistent to keep a?-corrections in that for getting the complete
a?-corrections one had to compute two-loop anomalies together with other ar-

rangements, see the discussion in the concluding section. We get

(L) () — x(T°T7)) (152a)

1
Taaﬁ = —(T c aﬁTabc -
7(Tee) 167
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3
DoTuse = (Tia)agp (—6Tbc]5 -5 (tr(Frox”) - tr(Rbc]Tﬁ))> (152b)

Dorg = —(Ty)apD? + AaAs

1 abe o abc é S

+ = (Case)a {T ) (OO — (T ))} (152¢)

o g 15
Rapay = =g (Fla)as (tr(x™x7) = 1(T°T7)) (Te)) 5 (152d)

3
Raate = 2Ta)agThe” + 16— (Tio)as [tr(Fhop”) — tr(RogT7)] . (152e)
In particular we have again

Hape = Tope- (153)

With respect to the zeroth order constraints the principal feature is the appear-
ance of a non-vanishing R, g4, which acquires now a 120 irreducible representation
(irrep) of SO(10), as is expected on general grounds for non-minimal supergrav-
ity theories, see [21], [, [§]. Notice that now (tr R?),s,s and (tr R?),s,4 are no
longer zero, but of order o and hence the Wess-Zumino condition ([[49) is no
longer satisfied identically: it is satisfied only at first order in o according to our
one-loop computation. We stress again that to take a?-corrections into account
one had to go to two-loops.

Let us now discuss the presence of possible additional “true” anomalies at
first order in «, i.e. at one loop. For this purpose it is convenient to recall that
the total k-anomaly A” and the gauge and Lorentz anomalies Ag and Aj, satisfy

on general grounds the following coupled cohomology problem

QH.AZ == 0, QL.AG + Qg.AL =0 (154&)
QeAc =0 QAT+ Q. A, =0 (154b)
QL.AL == 0, Qg.Ag + QHAG =0 (154C)

where ., Qg, Qp are the BRS operators associated to k, gauge and Lorentz
transformations respectively. If we take for AL the anomaly A, we have found,
see Eq. ([49), and for Ag and Ap (BY) and ([T4) respectively it is not difficult
to show that all the equations in ([[54) are indeed satisfied, the first equation in
([544) is nothing else than ([49). Now, the gauge and Lorentz anomalies (F7)
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and ([[I4) are expected to be exact, i.e. not to get higher-loop corrections and
clearly they are one-loop exact, but it is not obvious at all that Eq. ([45) presents

the complete one-loop x-anomaly. We can in general write

where X, is a possible missing anomaly. Then ([[5]) has to satisfy again ([[54)

and, using the fact that A, satisfies it already, we get the conditions:

0. X, =0
QeX, =0 (156)
0. X, =0

which means that the missing anomaly X has to be gauge and Lorentz invariant
and that it has to satisfy the k-consistency condition independently from .A,.

Possible solutions to ([[56) can be constructed as follows. We write
1 .
X = 3 /dQU»s”VZ-AV}BAVXVBA (157)

where the two V’s have to be there for dimensional reasons and we take Xcpa
to be the components of a three-superform
1
X = B EPE  Xopa
which has to be gauge and Lorentz invariant. The k-consistency condition on X,

becomes then

/ PoeTVAV,E AT AN (dX )554 = 0, (158)
which is equivalent to
(dX)apys =0 (159a)
(dX)apya =0 (159b)
APV dX ) aparVi A = 0. (159c¢)

Once the first two equations are satisfied the third one can be shown to be

equivalent to
(dX>aﬁab = (F[a)agoHWS(Fb})&ﬁ (159d)
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for some antisymmetric superfield H%° belonging to the 120 dimensional irre-
ducible representation of SO(10) (see [@] and the previous section). A class of
solutions of Egs. ([59) can be determined as follows. Let us consider a gauge-
invariant (and Lorentz covariant) superfield Y %“¢(Z) which is antisymmetric in
all its indices and belongs therefore to the 210 irrep of SO(10). Let us assume,
moreover that the combination D,Ypeq + 20 Yapea does not contain the highest

1440-dimensional irrep of SO(10), i.e.
(DaYabcd + 2)\o¢}/;1bcd)1440 =0. (160)

Then we can construct an X satisfying ([5§) in the following way:

Xogy =0
(161)
Xaa,@ = (Fabcde)aﬁyb“le-

At this point it is not difficult to show that Eqs. ([59) determine consistently and
uniquely Xagpe and X gpe.

To conclude: each (gauge-invariant and Lorentz covariant) 210 irrep satisfy-
ing (L60) specifies uniquely a cocycle of the operator €2, and hence a possible
anomaly. If X can not be written as the superdifferential of a two-superform B,
X +# dB, then X corresponds to a non trivial cocycle, i.e. to a true anomaly
(otherwise it can be eliminated by redefining the Wess-Zumino two-form B). In
this last case the anomaly ([57) can be eliminated by imposing on H, still defined
in ([[37), the constraints

Hu3, =0
Haaﬁ - 2Fao¢6 + Xaozﬁ (162)
Haba - Xaba~

In particular the relation between H,,. and T,;. becomes now
Habc = dgbe + Xabc (163)

instead of ([53). Eq. ([[5§) assures again that the Bianchi identities can be
consistently solved, in particular the field H¥® modifies the relations given in

([52) by additional terms on the r.h.s., proportional to H®?.
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Are such additional k-anomalies really present at one-loop in our sigma-
model? The results of Ref. [[J] could suggest that such an additional k-anomaly
should show up. That paper deals with the solution of the Bianchi identity

_ o 2 2
dH = o (tr 2 — tr B?) (164)

at second order in o? (actually this paper gives a complete all order solution of
this Bianchi identity, found previously in [23] with a different but equivalent set
of constraints for the superfields). It turns out that an all order solution can be
obtained if one modifies the constraints on H precisely according to (L62) where
Xaap and X, are of first order in «, and, in particular, at first order in « the

authors of [[[5] got for the 210 irrep Y,p.q appearing in ([[61)
Yapea = ca (R[abcd] + ﬂaba(rcd})aﬁAﬁ) ) (165)

where ¢ is a constant. It can easily be verified that the Y4 given in this for-
mula verifies indeed ([[60) up to order a and therefore the three-superform X
constructed from ([63) defines a cocycle of €, at first order in o. Then one
could think that in the Green-Schwarz sigma model there should actually be
an additional one-loop k-anomaly, parametrized by ([67). However, as will be
shown elsewhere [[[d], the anomaly defined uniquely through Eqs. ([167), (L61)
and ([[59) is a trivial anomaly at first order in a. Correspondingly the solution
of the H-Bianchi identity found in [[J] can be shown to be equivalent, at first
order in «, to the solution found by us in Egs. ([53) and ([[53) in the sense that
one solution can be mapped to the other through a redefinition of the fields of
the SUGRA-SYM theory [IJ].

Therefore we expect that no non-trivial X, satisfying ([[56) should appear at
one-loop in our sigma model; correspondingly the complete order-a corrections
to the pure SUGRA-SYM theory are given in Egs. ([53), ([53) which show a
complete symmetry between the Yang-Mills and supergravity sectors. The equa-
tions of motion can be derived in a straightforward way from those relations using
standard superspace techniques [P7].

Clearly non-trivial anomalies satisfying ([[56) have to appear at order o?
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i.e. at two loops in the sigma model, because the Bianchi identities with the

parametrizations ([53) are satisfied only at first order in a.

9 Conclusions

In this paper we established firmly the presence of the super Lorentz Chern-
Simons form in the Green-Schwarz heterotic string sigma model in a SUGRA-
SYM background. It has to be present in the definition of the field strength
associated to the two-form superpotential B in order to cancel a one-loop k-
anomaly in the sigma model and also in order to cancel the one-loop Lorentz
anomaly. The absence of k-anomalies is a consistency requirement in the sigma
model because k-invariance ensures the decoupling of the eight unphysical degrees
of freedom of the sixteen fermionic ¥* variables. To guarantee this decoupling
also at the quantum level we have to require the absence of k-anomalies.

The relations ([23) and ([[24), which entail the absence of gauge, Lorentz and
r-anomalies at one-loop, reduce in ordinary ten-dimensional space-time precisely
to the relations which ensure the absence of the space-time gauge and Lorentz
anomalies in N = 1, D = 10 SUGRA-SYM according to the Green-Schwarz
mechanism [3].

The results of Refs. [J] imply moreover that the Bianchi identity ([24) can be
consistently solved with the constraints ([3§) and this implies in turn that one
gets equations of motion in superspace which define a supersymmetric theory.

As we observed in section VIII no other true anomalies are expected to appear
at one loop, but at two loops anomalies of the X-type, Eq. ([56) have to show
up for the reasons explained in that section. The computation of these two-loop
anomalies would require the following technical arrangements.

a) The normal coordinate expansion, performed in section IV, contains a chiral
gauge rotation of the heterotic fermions, with parameter A given in (B9H) and an
(implicit) chiral Lorentz rotation for the fermions y® with parameter ¥. These

rotations, as shown in [[J] do not leave the functional fermion integral invariant,
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and therefore, when making two-loop computations, the two corresponding Wess-
Zumino actions have to be taken into account.

b) All trivial one-loop k-cocycles have to be subtracted from the classical action
(M) and normal coordinate expanded up to second order in y#. The trivial

cocycles we found entail a subtraction Al which is given by
! - N -
AT=-= [0 <\/§tr(A_A+) 4 gtr(Q_Q+)) _
o , 4 a 1 ) a
- [ gV, (—2Q_b + 50 e Vi ) . (166)

Notice, however, that this does not necessarily correspond to the whole one-loop
subtraction one should make in that we did not perform a complete one-loop
analysis of the effective action.

¢) The action should be normal coordinate expanded up to the fourth-order in
y?. The order-a? anomaly gets contributions at one loop from the 32 terms when
one inserts the new constraints/parametrizations ([59); in particular the three-
form dB appearing in the normal coordinate expanded action at first-order in
y* has to be substituted with H — & (wsya — wsr). The order-a? anomaly gets
contributions also at two loops from the 3* and y* terms in which one has to
insert the old classical constraints.

It seems to us, however, that this program, even if conceptually not too com-
plicated, is technically rather involved.

It may also be that to make a reliable order-a? computation one has to take the
conformal and x ghost sectors appropriately into account and that the absence
of a D = 10 manifest Lorentz covariance can not be so easily handled as at
one loop. In particular, it may not be sufficient to impose appropriate SO(8)
transversality conditions on the background fields. With this respect the absence
of a manifestly Lorentz covariant quantization scheme constitutes a conceptual

drawback.
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Appendix A: computation of the two-gauge fields
anomaly diagram

The anomaly of the second diagram in Fig. [, by use of the anomalous vertex
([f3), is given by

At =i f e ((H077) (50 527) g (5T g )

as we need to compute this integral only in the limit for ¢ — 0, due to the

presence of the hatted order-e¢ ¥ we can set the external momenta to zero to peek

the %—pole coming from the logarithmically divergent integral over k.

dPk kmknk,k 147 147
HIJ mivnhvrlvg HmJmI ~
"4223 ( b, q ) - —Oé/ (QW)D (k’2)3 tr (T T )tI‘ <7m737n7j 9 Vi 9 78)

E/<d;€ 5

We note that the 7, j indices, being external, are implicitly barred; moreover, the r

index gets barred because it is constrained by two chiral projectors: H;" St =B =

I+~ 1=73

5V~ With these simplifications, we can rewrite the gamma-matrices trace

as
_ . I—n3 _
A\ VsV Ym0 ) ) 5

now we use the fact that the integral in k£ can only produce symmetrized con-

tractions of m, n, 7, s indices. But since 7;; = 0 the only possibility is

_ . 1—
(nrsnmn + nrnnms) tr (7r75737m7n ( 2 727]))

1—

— —r_ A am — 2 AMm=T 73
=tr (7,7 v3mA™ + T, A 3T ) (T%w)]
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which vanishes by using the commutation properties of the v3 matrix with 4,

and 7,..
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